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1.2. Notation. "Iff" means "if and only if" Identity of formulae and other syntactical objects is denoted by "_", following Curry's convention; but identity of numbers, etc. is denoted by "=" as usual.
"Without repetitions", or "distinct", for a sequence a,,..., a", means that i # j = a, # aj. Distinct letters are assumed to denote distinct variables unless otherwise stated.
1.3. Axioms. Each system in this paper uses some of the following six formulae as axioms. Except for the last one, the axioms' names are motivated by the correspondence with combinatory logic (see later coincides with the system called weak implication in Church [1951] and weak positive logic in D. Meredith [1978] . It is one of many attempts that have been made to formalize the concept of relevant implication.
(iii) The BCK and BCI systems were first defined by Carew Meredith (Meredith and Prior [1963, ??7-8 (The inclusions hold because formula (I) is deducible from (C) and (K); see Note 1.8.) 1.7. DEFINITION. For any finite or infinite set v of implicational formulae, a?-logic is the set of all formulae provable by (MP) and (Sub) using only members of / as axioms.
1.8. Note on Deductions. In this paper, Deductions are assumed to be laid out in tree-form, with assumptions and axioms at the tops of branches and the conclusion at the bottom. For example, Figure -1 shows a deduction of a -* a using axioms (C) and (K).
1.9. Deducibility Notation. The notation ao,...,a F-J means that there is a deduction whose nonaxiom assumptions are some or all of ao, ..., 5a. and whose conclusion is JJ. (If an assumption occurs twice in the deduction, we do not write it twice in the sequence a,.. .,a.) When n 0, i.e. there are no nonaxiom assumptions, the deduction is called a proof of JJ, and the notation F J means that such a proof exists.
1.10. DEFINITION. A substitutions-first deduction is a deduction in which rule (Sub) is only applied to axioms.
1.11. LEMMA. Every deduction 9 can be replaced by a substitutions-first deduction 9* with the same assumptions and conclusion.
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